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Summary. In systems with two degrees of freedom, Arnold’s theorem is used for study-
ing nonlinear stability of the origin when the quadratic part of the Hamiltonian is a
nondefinite form. In that case, a previous normalization of the higher orders is needed,
which reduces the Hamiltonian to homogeneous polynomials in the actions. However,
in the case of resonances, it could not be possible to bring the Hamiltonian to the normal
form required by Arnold’s theorem. In these cases, we determine the stability from anal-
ysis of the normalized phase flow. Normalization up to an arbitrary order by Lie-Deprit
transformation is carried out using a generalization of the Lissajous variables.
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1. Introduction

Arnold’s theorem [3] can be used for studying the nonlinear stability in two-degrees-of-
freedom Hamiltonian systems when the quadratic part of the Hamiltonian (corresponding
to the expansion of the Hamiltonian in a neighborhood of the equilibria) is not sign-
defined and, hence, Liapunov’s stability theorem [20] cannot be applied. In that case,
the linear motion in the neighborhood of the origin is equivalent to the subtraction of
two harmonic oscillators with frequencies, w, > 0. Under the assumption of no
resonances among the frequencigsand w,, the Hamiltonian can be reduced to the
Birkhoff normal form in action-angle variablésy, 12, ¢1, ¢2),

H=Ho+Hs+- -+ Hon+H, D
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whereH,; = wili — w2l andHy = Ha(l1, I2) are homogeneous polynomials of
degreek in Iy, I, and’H has a series expansion in the variables with terms at least of
order 2h + 1.

According to the formulation of Arnold’s theorem given by Meyer and Schmidt [19],
the origin of the system of differential equations derived from (1) is stable if for $gme
with 2 < k < n, the discriminanDy = Hak (w2, 1) is not null, or equivalently ifH>
does not divideH .

As Meyer and Schmidt [19] acknowledge, there are several implicit assumptions
in stating thatH is of the above form. Indeed, sinéé,, ..., Ho, are homogeneous
polynomials in the actions$; and I,, H is in the Birkhoff’s normal form of degree
2n and, hence, some nonresonance assumption on the frequendeisnplicit. This
assumption is what Deprit and Deprit-BartholerfiT] named thegeneral condition of
irrationality, which consists of assuming that for any péir, ko) of rational integers,
kiwy + kow, # 0. In these conditions, this theorem has been proved very useful to
determine the orbital stability of equilibria in several problems like the restricted three-
body problem [7], [19], [23] or the problem of geostationary satellites [10], [16], to
mention but a few.

For the resonant cases, Arnold’s theorem [3] is inapplicable and the stability problem
requires a special treatment. Several attempts have been made to solve the stability
problem in resonant cases (e.g. Markeev [17], [18]; Sokolsky [24], [25], [26]), where
specific resonances are treated. Recently, Cabral and Meyer [6] revisited the problem
and gave a general result that applies for both nonresonant and resonant cases.

In this paper, we propose to determine the nonlinear stability from a geometrical point
of view—more precisely, by analyzing the normalized phase flow around the equilibrium.
Our procedure is valid for whatever resonance. Once the system has been normalized up
to the required order (for instance, by a Lie-Deprit transformation [8]), we express the
Hamiltonian in the so-called invariants [13], [21] and look at the geometry of the orbits
on the manifold where the origin lies in the reduced phase space. Closed orbits around
the origin imply stability, whereas outgoing asymptotic trajectories ensure instability.
Moreover, if the origin is unstable, we find unstable critical points in a neighborhood of
the manifold where the origin lies.

The difficulty of the procedure could lie in the analysis of the normalized phase
flow, but the method can be used for any kind of resonance that prevent application of
Arnold’s theorem. The normalization is carried out in the extended Lissajous variables
[11], especially designed to handle resonant harmonic oscillators. Since the Lie derivative
in this set of canonical variables is very simple (Sect. 2), normalization is also very easy
to perform, even at high orders. Besides, it is also known [12] that the topology of
the reduced space phase is a surface of revolution; hence it is not difficult to represent
graphically the phase flow on such surface and to recognize the type of trajectories.

As an illustration, we consider (Sect. 3) the resonant cases of the Lagrangian points
in the restricted three-body problem. To this problem, Deprit and Deprit-Bartleolom”
[7] and Meyer and Schmidt [19] applied Arnold’s theorem to determine the stability of
the Lagrangian point for every value of the mass ratiexcept for the resonant cases
2:1 and 3:1. These cases where analyzed by a different method by Markeev [17] and
Alfriend [1], [2], who proved that for these resonances the equilateral point was unstable,
indeed.



Nonlinear Stability in Resonant Cases 213
2. Extended Lissajous Transformation

Let us assume we have a Hamiltonian of the type

H = HZ + P == HZ + ZenHrH»Z(Xl» X29 Xls XZ),

n>0
where
Hz = 5(XE + wix)) — 3(0X3 + w3x3),
Hni2is @ahomogeneous polynomial of degreg? in the Cartesian variablég,, Xo, X1,
X5), ande is a small parameter.

These systems are callesg@misimple5] because their dominant term leads to a
linear Hamiltonian vector field that is semisimple. The concept of normalization for
semisimple systems in equilibrium at the origin must be credited to Whittaker [28] who
applied Poinca’s nouvelle réthod€[22]; Birkhoff [4] provides a different method for
the normalization (for an automated development of the generating function, see e.g.
[14]). The introduction of the Lie transformation in the 1960s [15], [8] made easier the
automatization of the normalization. When the normalization is carried out by a Lie
method, especially when high orders are required, one must be aware of the fact that,
the simpler the Lie derivative associated with the unperturbed Hamiltonian, the easier
the application of the method is. In this regards, the extended Lissajous variables [11]
are of great utility for normalizing this type of semisimple Hamiltonians.

Let us assume, too, that the frequencies are in resonanggthat is to say, there are
two coprime integerg andq and a frequency such thatv; = pw andw; = qo.

Under these hypotheses, the extended Lissajous transformation [11]

£ T2 {Wy > 0} x {|Wo| < W)} +—> RY,
(W1, Vo, U1, W) > (X1, X2, X1, X2),
is defined by
Uy 4+ Wy | .
X1 = [———2sinp(y1+¥2) =s/psinp(y+ o),

X, = | ———2sinqy1—y2) = digsing(y1 — ),

<
g S
b o
<

Xy = ‘/“’1(%7;“’2) COSP(Y1 + Y2) = wSCOSP(Y1 + Vr2),
v, —
Xo = % cosq(¥1 — ¥2) = wd cosq (Y1 — ¥2), (2

where we used the shorthastl= (¥ + W,)/w andd? = (¥; — Wy)/w to remove the
irrational expressions from the definition.
The pullback of the Hamiltoniaf, is

F9H, = wW,, (©)]
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and f#P is a Fourier series in the anglés, v, with coefficients in the real algebra of
homogeneous polynomials of degreéwith n > 2) in s andd.

The main advantage of this set of canonical coordinates is that the Lie derivative
associated with the Hamiltonian (3) is very simple; namely, it is the operator

C))

Hence, when the perturbation is periodic in the Lissajous varighlenormalizing a
perturbed elliptic oscillatoramounts to averaging the dynamical system over this variable.

One critical issue that must be faced before undertaking a normalization is to prefigure
the topological structure subjacent to the orbital space after reduction. This can be
achieved in terms of some generators. Indeed, after normalizatjohecomes a new
integral, and this can be understood as a symmetry inducéd bgderlying a symmetry
group. The invariants of this symmetry group are precisely the generators of the orbital
space. They are functions belonging to the kernel of the Lie operator (4). In [12] the
following set of functions is defined in terms of the Lissajous variables:

Mi(p.q) = 3V,

Ma(p.q) = 3V,

Cu(p. ) = 27 PTV2(p; — 1) P2(wy + W,)%2 cos 2pqys,

Si(p.q) = 27 PTV2(p; — Wy)P2(W; + W,) ¥ sin 2pqyy, (5)

belonging to the kernel of the Lie operatog. Obviously, they are not independent, but
satisfy the relation

C2 4+ & = (M1 4 Mp)%(My — Mp)P.

That is to say, the reduced phase space is a surface of revolution for a given vislgle of
Since in our cas®; is an integral, the functionil,, C; andS, determine a transfor-
mation

Xy, X, Y) > (M1, C1, &)

mapping the no definite form
X2 — Y2 4 0?(PPX2 — G2Y2) = 2wV, = 4wM,

in the phase spacevpX, wqy, X, Y) onto the two-dimensional surface of revolution
F(My) given by (see Fig. 1)

F(M): Cf + S = (M1 4+ Mp)d (M1 — Mp)P. (6)

It is worth noting that the normalized Hamiltonian can be expressed in a unique way in
terms of the invariantd,, M4, C4, and$§;.

The equations of the motion in this set of variables are obtained immediately by
application of the Liouville-Jacobi theorem:

Ci={C1, 1}, S ={S.H}, M1 = {Mq, H'}. )
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My =03

Fig. 1. Resonance 2:1. Phase flow of the reduced Hamiltonian on the manifold
M, = 0 (left) andM, = 0.3 (right). There are two heteroclinic orbits passing
through the origin, hence its instability.

By computing Poisson brackets, we can show that the Lie algebra is defined by

{My; C1} = pg S,
{Ci; St} = $pa(M1 + M4 (Mg — M2)P~((q — p)M2 — (g + p)My),
{Si; M1} = pqC. ®)

N.B. For the resonancp = q = 1, we recover the second set of Lissajous variables
given by Deprit [9], as well as the classic#did bodyPoisson structure.

3. An Example: The Lagrangian Point

Let us consider the planar restricted three-body problem. In Cartesian vaizabies
(Q1, Q2, Py, Py), its Hamiltonian may be written as

1 1-—
H=S(PP+P)+ PiQz — P2Qu — r_E ©)
P1 P2

where p;, p, are respectively the distances of the particle to the primaries of masses
1— wandu, placed at the points—, 0) and(1 — u, 0).

The Lagrangian equilibriurh 4 is the point((1 — 2u)/2, +/3/2). For details about this
problem, the reader is addressed to any textbook on celestial mechanics (e.g. Szebehely
[27]).

By a linear canonical transformation, we shift the origin of the coordinate system
to L4. Then, we expand the Hamiltonian in power series of the coordinates. Since the
expansion is made in the neighborhood of an equilibrium, the constant part, i.e. the value
of the Hamiltonian at the equilibrium, can be neglected and the linear part will be null.
The expanded Hamiltonian can be arranged in the form

H=> Hn (10
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with H, homogeneous polynomials of degmeén the variables. The terms up to the
fifth order are

1 1
Hy = E(Pf + P§) — (P,Q1 — P1Qy) + §<Q§ - 6yQ:1Q2—5Q3), (11)

3

Hy = %(—7;/ QF +9Q7Q; + 33y Q1 Q% + 9Q3), (12)
1

Ha = 55(37Q1 + 100y Q1Q, — 246Q7Q; — 180y Q1Q; — 3Q7),  (13)

where for the sake of simplicity we sgt= v/3(1 — 2u).

The system of linear differential equations derived from the quadratic tefm,
describes the tangent flow arouhd. Linear stability will be established according to
the character of the associated eigenvalues, which are the roots of the characteristic
equation

4 .2 27 9
AT+ +16 16y =0.
If w < ue = (1 — +/23/127/2 (the so-called Routh’s critical mass ratio), the four
eigenvalues are distinct and purely imaginary and the equilibrium is linearly stable. In
that case, the four eigenvalues dtio;, +iw,, where the strictly positive numbeds
andw; are determined by unambiguously by the set of relations

O<wr<1IWN2<w1 <1,  2+ad=1 160%03=27—9y2

Once the linear stability has been established, the next step is to trarigfoimo
its normal form. We proceed in a similar way to [7] and build a linear canonical trans-
formation to a new set of variables= (qz, gz, p1, P2),

Z = Pz 1%
defined by the matrix
0 0 |1/ka)1 —|§/k|2a)2
1| —8wy/kly  —8wokl, —3ylkliws 3ylklrws

E —mla)l/kll —m2w2/kI2 3y/k|1a)1 —3y/k|2a)2
3ya)1/k|1 3]/0)2/|(|2 n1/k|10)1 —n2/kI2a)2

P=

’

where
12 = 9+ 4a?
k? = 0? — w3, m = 1+ 4w? (i =1,2).
nj =9—4wi2

In the new variables, the quadratic part (11) of the Hamiltonian is the normal form
Hz = 3(P% + witf) — 5(P3 + wia),
and the terms (12) and (13) are homogeneous polynomials in the coordigpates of
degree three and four, respectively, which are too long to be reproduced here.
Atthis point, both papers [7] and [19] proceed to the normalization of the Hamiltonian,
assumed no resonances are met. Then, their study is valid except for the named mass

ratios u, and ug, values where the ratio of the frequenciesto w, is 2:1 and 3:1,
respectively. Here is where our method is applied.
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3.1. Resonance 2:1

If o = uo = 2(1— /1833/45, thenw;, = 2/v/5,w, = 1/4/5, and resonance 2:1
occurs. After applying transformation (14) to the Hamiltonian (10), we use the Lissajous
transformation (2) witho = 1/4/5, p = 2, q = 1. The pullback of Hamiltonians (11)
and (12) are

Ho = %‘I’z,
Hz = Hao+ Hos+ Hi—1+Ho2+ Hs 34+ Hzs+ Hs3+ Hep,

whereH; j stands for
Hi,j = ¢ jcodiy + j¥o) + 5 Sin(iyr + jv), (15
with coefficients; ; ands j depending on the momenta, and ..
A first-order normalization is made simply by averaging over the agiglenvhich

gives

Hy = 2732(W; — Wp) /(W1 + W) (ke COS 4fry 4 ks Sin &yry),

551 [611 229 [ 1
— g4 0= [P k. — _5u4ce” | =
ke 882V 610’ S 147V 122

Taking into account the functions defined in (5), the averaged Hamiltonian can be written
as

with

My = keCy + ksSt. (16)

For each manifoldV, = constant the normalized phase space yields over the surface
of revolution (6), thatinthiscasgp=2,g=1) is

C?+ S = (M1 + Mp)(My — M), 17

The trajectories are the level contours of the plane (16) over the surface (17).

Let us recall that we are interested in determining the stability of the origin, which is
mapped to the vertex of the surface (17) witn= 0. On this manifold, the trajectories
are the intersection of the surface of revolut®p+ S¢ = M2, with planes, defined by
(16), that are parallel to thiel; axis. In particular, the planeC; + ksS, = 0 gives rise
to two asymptotic orbits to the origin, one of them an outgoing trajectory, and thus the
origin is unstable; the rest of the orbits are escape orbits.

For M, #£ 0, a similar portrait is obtained. Moreover, the vertex of each manifold
(17), whenM, #£ 0, is an unstable critical point, as can be derived from the linearized
equations of the motion around it. Then, we can conclude that in resonant case 2:1, the
Lagrangian pointL4 is an unstable equilibrium, which agrees with the result given by
Alfriend [1].
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3.2. Resonance 3:1

Resonance 3:1 happens at the mass yatie uz = %(1 — 24/117/45, in which case

w1 = 3/Iv/10, w, = 1/4/10. In terms of the Lissajous variables (naw= 1/v/10, p =
3,9 = 1), the expressions of the Hamiltonians (11), (12), and (13) are

_ 1
HZ - quZa
Hz = Hi_1+Hs_3+Hss+ His+ Hs1+ Hs 7+ Hzs 4+ Hoo,
2087144  306342.2 1021 4
Ha = —%155d" — 5048078 — 328565

+Hz 2+ Hs 4+ Hoe+ Haa+ Ha2 + Hepo

+Has+ Hse + Hsa + Hg 10+ Hios + Hiz12.
Inasmuch as every term#i; depends on the angie, it does not contribute to the first-
order normalization, since its average over this angle vanishes. Hence, it is necessary

to go one order further with the normalization. The resulting second-order normalized
Hamiltonian is

1
Hy = —= s,
27 /10 °
and
H, = aM2 + BMiMy + y M2 4+ kC1 4 6 S,
which has the coefficients

a = —519/560 o = 200347

5640/329
B = —389/420Q

6479 |/ 71
y = 3319/1680 0 = 5624/ 3200

The normalized phase space yields over the revolution surface (6) foMeacbonstant.
Recall that nowp = 3 andqg = 1; thus, this surface is

C+ & = (M1 + M) (M — Mp)°. (18

As was mentioned above, the equilibrium (that is, the point whose stability we are
trying to determine) is the minimum of the surface (18) kb = 0; thus, we focus on
the kind of trajectories we find on the manifold

Cl=§ =M,
and the trajectories will be the level contours of the function
Hy=aM?+kCi+0S

over this manifold.
By virtue of the Lie-Poisson structure (8), the equations of motion are

Cl = —6(0[M151+0‘Mf),
S = 6(aMiCq 4 kM),
M; = 3«S — oCy), (19)
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Fig. 2. Resonance 1:3. Phase flow of the reduced Hamiltonian. Above, a general view, and below,
a view from the vertical axis. Left: Manifoltl, = 0O; there are two heteroclinic orbits passing
through the origin, hence its instability. Right: Manifold, > 0; there are two equilibria, one
stable (the vertex of the surface) and the other unstable. The latter goes toward the former when
M, — 0 as the consequence of a saddle-node bifurcation.

and on the manifolcC? + S = M{(M, = 0), there is only one equilibrium point,
namely the origirC; = S = M3 = 0, that is unstable. Indeed, the curve

aMf+KC1+081:O,
C?+ & = M,

determines two asymptotic orbits passing through the origin, one of them an outgoing
trajectory (see Fig. 2, left). Thus, the point is unstable.

Itis worth mentioning a notable difference with the preceding case. For the resonance
2:1, forwhatever the value dfl,, all the orbits, except those attached to the critical points,
are escape trajectories. However, for the 3:1 resonance, the phase fiMy £6r0 is
quite different. Indeed, for a manifolbll, # 0, there are two equilibria, one unstable,
and the other the minimum of the surface (18), which is now stable. Nevertheless, as
we shall see below, the phase portrait i85 = 0 is obtained by continuity through a
saddle-node bifurcation.

Let us consider now the motion on a maniféity = constant=£ 0. On account of
the Lie-Poisson structure (8), the equations of motion are

C1 = —3S1(2aM; + Mp) — 30 (M1 — Mp)?(2M1 + M),
S = 3C1(2aM1 + BM2) + 3k (M1 — M2)2(2My + My),
M; = 3(kS — oCy). (20)
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The possible equilibria are in fact the local extrema#jfon the surface (18). Thus,
in order to find them we put
Co — —k (M1 — M2)2(2M1 + My)
t= 2aM; + M, ’
S — —o (M1 — M2)2(2M;1 + Mp)
B 20M1 + BM; '
which are solutions of the system made by zeroing equations (20), into the equation of
the surface (18). By doing s/, is obtained as a root of the equation

(M1 — Mp)3
(2aM1 + BM>)?

(M3(B% + K% + 0%) + MiM3(dap + % + 3c? + 307)
+MZMpda(a + B) + 4AM3(@? — k? — 0?)) = 0.

Since by definitionM; > M|, there are two possible equilibria: one the pdihiof
coordinateC; = S = 0, M; = M, > 0, that is, the minimum of the surface, and the
second onel? whose coordinat®l, is a root of the cubic equation. Replacing the numer-
ical values of the coefficients, only one real root results, nargly= 1.06627195%,,
that exists only whei, > 0. The equilibrium point corresponding to the cubic is

Ci = 0.023182M2, S, = 0.00799883/3, M; = 1.06627195M,.

In order to see the stability of these points, we compute the eigenvalues of the varia-
tional equations, that is, the system
8C1 = —3(2aM; 4 BM2)8S, — 6(er Sy + 3MZ0 — 3MM20)8 My,
8S = 3(2aMy + BM3)5Cy + 6(aCy + 3MZk — 3M; Mok )My,
My = —308Cy + 3¢8S.. (21)

At the pointO = (0, 0, My), the characteristic equation of this linear system is
A(A% + (3(2x + B)M2)?) = O;

hence, this point is stable M, # 0 and unstable foM, = 0.
With respect to the second poiRt its characteristic equation is

A(A% — 24.205410339812) = 0,

which has one real positive root; consequently, the equilibrium, if any, is unstable (see
Fig. 2, right).

N.B. The eigenvalue = 0 is a consequence of the existence of the Casimir (18).

Consequently, foM, > 0 there are two equilibria, one stakl®) and the other
unstable(P); for M, = 0 there is only ong€O) that is unstable; and there is none for
Mz < 0.

But the pointP goes towardO asM, — 0, until both coalesce foM, = 0. Thus,
the originO is unstable as a consequence of the saddle-node bifurcation that takes place
(see Fig. 2, right).

Henceforth, we can conclude that for resonant case 3:1 the Lagrangian point is an
unstable point; this result agrees with that given by other authors [18], [2].
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4. Conclusions

The extended Lissajous variables is shown to be very useful for normalizing perturbed
Hamiltonians with an unperturbed part made of harmonic oscillators in resonance. The
phase portrait of the reduced Hamiltonian over the manifdld= O determines the
stability of the equilibria.

Acknowledgments

Comments from Professor Meyer (University of Cincinnati) helped in clarifying several
aspects of the normal forms theory. This paper has been supported by the Spanish Ministry
of Education and Science (Projects #PB98-1576 and #ESP99-1074-C0O2-01) and by the
Centre National dEtudes Spatiales at Toulouse. Authors are listed in alphabetical order.

References

[1] Alfriend, T. K. The stability of the triangular Lagrangian points for commensurability of
order two.Celest Mech 1 (1970) 351-359.
[2] Alfriend, T. K. The stability of the triangular Lagrangian points for commensurability of
order threeCelest Mech 4 (1971) 60-77.
[3] Arnold, V. I. The stability of the equilibrium position of a Hamiltonian system of ordinary
differential equations in the general elliptic caSeviet MathDokl. 2 (1934) 247-249.
[4] Birkhoff, G. D. Dynamical System#.M.S. Colloquium Pub. vollX, New York (1927).
[5] Cushman, R., Deprit, A., Mosak, R. Normal form and representation th&dviath. Phys
24(1983) 2102-2117.
[6] Cabral, H. E., Meyer, K. R. Stability of equilibria and fixed points of conservative systems.
Nonlinearity12 (1999) 1351-1362.
[7] Deprit, A., Deprit-Bartholona; A. Stability of the triangular Lagrangian poingsstron J. 72
(1967) 173-179.
[8] Deprit, A. Canonical transformations depending on a small paran@tstMech 1 (1969)
12-30.
[9] Deprit, A. The Lissajous transformation |. Basi€elest Mech 51 (1991) 201-255.
[10] Deprit, A., Lopez-Moratalla, T. Estabilidad orbital de sktEs estacionarioRev Mat. Univ.
Complutens® (1996) 227-250.
[11] Elipe, A., Deprit, A. Oscillators in resonanddech Res Commun26 (1999) 635-640.
[12] Elipe, A. Complete reduction of oscillators in resonapog. Phys Rev E 61 (2000) 6477—
6484.
[13] Ferrer, S., Palaaii, J., Yanguas, P. Hamiltonian oscillators in 1-1-1 resonance: Normalization
and integrability.J. Nonlin. Sci 10 (2000) 879-887.
[14] Gustavson, F. G. On constructing forms integrals of a Hamiltonian system near an equilibrium
point. Aston J. 71 (1966) 670—686.
[15] Hori, G. I. Theory of general perturbations with unspecified canonical varid®lgsAstron
Soc Japan18(1966) 287—296.
[16] Lopez-Moratalla, T. Estabilidad orbital de shteés estacionarios. Ph.D. Dissertation, Uni-
versidad de Zaragoza BoletROA 5/97 (1997).
[17] Markeev, A. P. On the stability of the triangular libration points in the circular bounded three
body problemAppl. Math. Mech 33(1966) 105-110.
[18] Markeev, A. PLibration Points in Celestial Mechanics and Astrodynamidauka, Moscow
(1978).



222 A. Elipe, V. Lanchares, T.dpez-Moratalla, and A. Riaguas

[19] Meyer, K. R., Schmidt, D. S. The stability of the Lagrange triangular point and a theorem of
Arnold. J. Diff. Eqns 62 (1986) 222—236.

[20] Siegel, C. L., Moser, L. K. Lectures on Celestial Mechanics. Springer-Verlag, Berlin (1971).

[21] Palacién, J., Yanguas, P. Reductions of polynomial Hamiltonians by the construction of
formal integralsNonlinearity13 (2000) 1021-1054.

[22] Poinca¥g, H.Les Methodes Nouvelles de laédanique €leste Tome Il. Gauthier-Villars,
Paris (1893).

[23] Schmidt, D. S. The stability of the Lagrangian polnt Celest Mech 45 (1989) 201—-206.

[24] Sokolsky, A. G. On the stability of a Hamiltonian system with two degrees of freedom in the
case of equal frequencig®rikh. Mat. Mech 38 (1974) 791-799.

[25] Sokolsky, A. G. On the stability of an autonomous Hamiltonian system with two degrees of
freedom at the resonance of the first ordReikh. Mat. Mech41 (1977) 24-33.

[26] Sokolsky, A. G. On the stability of a Hamiltonian system with two degrees of freedom in the
case of null characteristic exponerfsikh. Mat. Mech 45 (1981) 441-449.

[27] Szebehely, VIheory of Orbits Academic Press, New York (1967).

[28] Whittaker, E. TA Treatise on the Analytical Dynamics of Particles and Rigid Bodiasn-
bridge University Press, Cambridge (1937).



